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Much r e sea rch  has been devoted to unsteady fluid flow with a f ree boundary. For  example, 
Ovsyannikov [1] and Nalimov [2] have proven theorems  on the existence and uniqueness of 
a solution, and a number of papers  have proposed algori thms for  numerical  solution, based 
on various chain methods [3-6] or  potent ia l - theory methods [7-9]. In the present  ar t icle  we 
consider  two-dimensional  potential waves of finite amplitude on the interface between two 
heavy fluids of different densities.  The initial problem is reduced to the Cauchy problem 
for  a sys tem of two integrodifferent'ial equations. An algori thm for  the numerical  solution 
of this sys tem is constructed,  and the resul ts  of calculations are presented.  

1. We consider  the plane motion of two nonviscous, incompressible  fluids of different densities in 
the field of gravi ty .  The flow is assumed to be continuous in the whole plane, potential flow outside the 
interface line separat ing the fluids and periodic in the horizontal direction. 

Let a Car tes ian  coordinate sys tem x, y move in the horizontal direct ion with velocity equal to one 
half the sum of the flow velocit ies infinitely far  f rom the interface line L, and let the y axis be directed 
vert ical ly upwards (Fig. 1). In the upper (D 0 and lower  (D2) flow domains the fluid velocity V = (V x, Vy) 
satisfies the equations 

divY:-0, cur l  V=0, (x, y)ED,~, n = t ,  2 (1.1) 

and the following boundary conditions: The per turbed flow velocity damps out as we become removed f rom 
the interface line 

V (x, y, t) _+ l(_,  v~, O), y.--~ + c~ (1.2) 
~( ,O)v~ y---~-- cx~ 

no fluid flows ac ross  the interface line 

v~ v-----v.v, n----i, 2, (1.3) 

and the drop in the hydrodynamic p r e s s u r e  at the interface line obeys the Laplace law 

p~- -p~=~k .  (1.4) 

Here t is t ime, %0 =const,  v is a unit normal  to L, v is the t ranslat ion velocity of the line L, v n and Pn are 
the limiting values of the velocity V and p r e s s u r e  p, respectively,  on approaching L f rom the domain D n, 
ix is the coefficient of surface tension, and k is the curvature  of the interface line, with k< 0 (k > 0) if the 
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Fig. 1 

domain D 2 is convex (concave) in the neighborhood of the point in question. 
The initial velociW field 

v(x, y, o)=vo(x, y) (1.5) 

is assumed to be known and to satisfy conditions (1.1)-(1.3). 

Insofar  as the interface line L(t) is not known beforehand, theprob lem 
as stated is nonlinear.  

2. Let us derive the equations of motion of the wave surface L, a s sum-  
in_g that the surface has no se l f - in tersec t ion  points and that as functions of 
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arc  length s the coord ina tes  of the wave sur face  and the veloci ty  discontinuity v 1 - v~ a re  continuously 
different iable  to some  o r d e r  (the requi red  o r d e r  of smoothness  will be made m o r e  p r e c i s e  below inSec.  4). 

By vir tue of (1.3) the discontinuity in the flow veloci ty  at the line L sa t i s f i e s  the equation 

v2--vi =~] O~/ Os, (2.1) 

where  the function T is rehl ,  and ~ =~ +iv is the complex coordinate  of a point on the in ter face  line. The 
solution of the assoc ia ted  Riemann  boundary-va lue  p rob l em [10] enables  us to r e p r e s e n t  the velocity field 
in the f o r m  

i z( ~ ) 
(s, t) c tg-  E - (s,t)}ds, (2.2) --V ( z , t ) = - ~  ,t ? ~ { z - -~  z ~ L ,  

0 

taking into account the per iod ic i ty  of the flow and conditions (1.2) and (2.1). Here  X7 =V x -- iVy is the com-  
plex velocity,  A is the wavelength,  I is the length of the wave profi le ,  z =x +iy, and the posi t ive  d i rec t ion  
of t r a v e r s i n g  the contour  L is the d i rec t ion  for  which the domain D 1 in Fig. 1 is on the left .  The las t  equa-  
t ion desc r ibe s  the veloci ty  field induced by a vor tex  sur face  with intensity % Hence, in o rde r  to sa t i s fy  
the condition (1..3) that  no fluid flow a c r o s s  the in terface ,  it suffices to take one half the sum of the bound- 
a ry  values  of the flow veloci ty  as the t r ans l a t ion  veloci ty of the in terface ,  that is, v =(vl§ Then v is 
de te rmined  f r o m  the S o k h o t s k i i - P l e m e l j  fo rmulas  [10] by means  of the following s ingular  integral :  

l(t) 
v(s, t)  =,-~,~ ~/(q, t) ctg ~ {~(s, t)--~((Lt)}d(L (2.3) 

0 

We note two consequences  of the l as t  equation: 
l ( t )  

y v, (s, t) ds = 0, (2.4) 
0 

z(t) 
j .~ (s, t) ds = 0, (2.5) 
0 

where vv and v r a re ,  respec t ive ly ,  the components  of the veloci ty v tangent and normal  to the wave prof i le  
(see Fig. 1). 

In a coordinate  s y s t e m  assoc ia ted  with an a r b i t r a r y  point of the line L and moving with veloci ty v, 
the C a u c h y - L a g r a n g e  in tegra l  of the equations of motion of the fluid has the f o r m  

6@ n --v ~ Pnp._~_ + T + v~rn2 + gTl -~ Fn (t), n = t,2. (2.6) 

Here  Pn is the density of the fluid; the di f ferent ia t ion 6/6t  is p e r f o r m e d  in the moving coordinate  sys tem,  
so that v = (6~/5t, r ~)n and Vrn=V are  the l imit ing values of the veloci ty potential  and re la t ive  fluid 
velocity,  respec t ive ly ,  on approaching L f r o m  the domain Dn; g is the acce le ra t ion  due to gravi ty;  and F n 
a re  a r b i t r a r y  functions.  Taking into account (2.1), (2.3), and the equations 

v ~ , = - - ~ , ,  v r 2 = ~ - ~ ,  

i( § (I)~(s,t)=O.(0, t )+  v~+( - - t )~  d~, n = t , 2 ,  (2.7) 

where  ~- is a unit tangent to the line L (see Fig. 1), we can obtain f r o m  (2.6) the following exp re s s ion  for  
the p r e s s u r e  drop at the wave prof i le :  

P1(s)--P~-(s)="r2--~'I{(Pl+P2)'~+2(P2--Pl)v~ldo.  + 2gn+- -~ - - -v  2 + z ( t ) .  
0 

Here the initial  r e f e r ence  point for  the a rc  length moves  with veloci ty v(0, t), and X is some function de-  
pending on Fl(t), F2(t), r t ) ,and r t).  El iminat ing the function X in the las t  equation and introducing 
the d imens ion less  p a r a m e t e r  

R=(p2-pl)/(p~+o1), 
we wri te  condition (1.4) in the following fo rm:  

(2.8) 
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Condi t ion (1.2) leads  to the fol lowing re la t ion :  

zi!) 7 (s, t) ds  = ~=~. (2.10) 

0 

Thus,  the boundary  condi t ions  (1.2)-(1.4) a re  r e p r e s e n t e d  in the f o r m  of Eqs .  (2.3), (2.9), and (2.10). 
However ,  the mot ion  of the wave p rof i l e  is d e t e r m i n e d  only by Eqs .  (2.3) and (2.9), because  condi t ion (2.10) 
is a consequence  of  t hem.  

3. Fo r  the pu rpose  of s impl i fy ing  the s y s t e m  (2.3) and (2.9) we go f r o m  the E u l e r i a n  a r c  length 
s E [0, /(t)] to  the L a g r a n g i a n  va r i ab le  a E i - r ,  r]  with the fol lowing c o r r e s p o n d e n c e  in t ime  be tween  the 
points  of the wave p ro f i l e .  The point  [(a,  t )=  [(s(a ,  t), t) is  t r a n s l a t e d  in t ime  dt to the point  ~(a, t +dt )=  
~(a, t) +v(s(a ,  t), t)dt.  As the var iab le  a we can  take,  fo r  example ,  the a r c  length 27cs/l at the t i m e  t = 0 .  
We in t roduce  the funct ion  

r(a ,  t)=?(s(a, t), t)lT~(a, t) I 

and swi tch  to  d i m e n s i o n l e s s  l i n e a r  quant i t ies ,  tak ing  ~ / 2 r  as  the unit of length.  Then, the s y s t e m  (2.3) and 
(2.9) can  be wr i t t en  a s  fo l lows:  

t ~ ~(a,t)--~(a.t) &Z, (3.1) ~, (a, t) = ~ j" r (cz, t) ctg.  2 

Ft (a, t) + R ~ r t  (=, t) K (a, a, t) d~ ----- H (a, t), (3.2) 

whe re 

K (a, cz, t) = ~---~-Im{~(a,t)etg ~(a,t)--~(~,t) ) 
2 , ( 3 . 3 )  

H (a, t)= "2~ Im ~ (a, t) j" F (a, t) ;, (a, t) -- ;t (a, t) a 2~zk - -  R 2g~l + t I', ~t 
�9 -n t - -e~ q- -~" pl§ T -~=[z  iS. (3.4) 

The init ial  condi t ion  (1.5) can  be b rought  to the f o r m  

r (a, o)=r0 (a), ;(a, 0)=;o(a), (3.5) 

where  F 0 and [0 a r e  g iven  funct ions .  Thus ,  the init ial  p r o b l e m  (1.1)-(1.5) r educes  to the Cauchy p r o b l e m  
with the init ial  da ta  (3.5) f o r  the s y s t e m  of equat ions  (3.1)-(3.4). A s i m i l a r  s y s t e m  was  given by Birkhoff  
[11] f o r  the case  p = 0 .  

Let us point  out the fol lowing invar i an t s  of the s y s t e m  (3.1)-(3.4): 

I v =  ~ F(a , t )da=&tv=,  I t - - i I ~ =  ~ ~a(a,t)~t(a,t)da = 0, (3.6) 

where  I T, I. r, and I r denote  the left  s ides  of Eqs .  (2.10), (2.4), and (2.5), r e s p e c t i v e l y .  

4. In a ne ighborhood of the t ime t = 0  let  the funct ions 0F/Oa and 03~/Oa 3 ex is t  and be Holder  con-  
t inuous with r e spec t  to  a [o therwise ,  the s y s t e m  (3.1)- (3.4) would lose  its meaning] .  

Then, the de r iva t ives  F t and ~tt ex is t  and a re  unique. In fact ,  let  us  find the ve loc i ty  ~t f r o m  (3.1) 
and subst i tu te  it into the r ight  side of  (3.2). In the in tegra l  equat ion obtained fo r  the funct ion F t the ke rne l  
K is F r e d h o l m  if it is defined on the l ine a =~ as fo l lows:  

K (a, a, t) = lira K (a, a, t) = k (a, t ) I~  (a, t)[. 

Sukharevski i  [12] has shown that  the e igenva lues  of a F r e d h o l m  in tegra l  equat ion of the second kind with 
kerna l  K lie outside the in te rva l  [ - 1 ,  1]; but  it fol lows f r o m  (2.8) that  J R [ -  < 1, and t h e r e f o r e ,  fo r  all R the 
funct ion F t is uniquely de t e rmined  f r o m  Eq. (3.2). The Holder  continui ty of this  funct ion enables  us to 
de te rmine  the a c c e l e r a t i o n  ~tt f r o m  the e x p r e s s i o n  

- 1 ~ ! ~ (a) - -  ~ ((x) ~t ( a ) - -  ~t (a) ] 
~u (a) =4-~ (~Ft(u)  ctg 2 F(cr -- cos[~ (a)-- ~ (a)]~ d ~  (4.1) 

obtained by d i f fe ren t ia t ing  (3.1) with r e spec t  to t. 

S imi la r ly  we can  show that  if the funct ions  ~2F/aa2 and 84~/~a 4 exis t  and a re  Holder  cont inugus with 
r e spec t  to a, then the de r iva t ives  Fit and ~ttt exis t  and a re  unique. We obtain t he r eby  the fol lowing scheme  
fo r  de te rmin ing  the t ime  de r iva t ives  of the funct ions  F and ~: 
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This r ecu r rence  scheme can be continued indefinitely, if in a neighborhood of the time in question the func- 
tions F and ~ have all der ivat ives  with respec t  to a.  

We note that by taking into account the identity (4.1) the sys tem consist ing of the equation 

r,  + 2R. Re (L~ . )  = 2.k R 2gn + 
0, + p~ 4 [;o1~ ]/ 

and Eq. (3.1) is equivalent to the sys tem (3.1)-(3.4), but it has a more  compact  form.  

5. Let us represent  the complex potential of the flow W=•=i,I, in the following form:  

w(z, t)=(-l)~,ccz+w(z, t), 

where n = l  for  z 6 D 1, n=2  for  z E D 2, and w - - 0  for  [y[--~. Then the right sides of Eqs. (2.6) take the 
fo rm Fn=Cn+V~2/2, where 

Q = l i m  ( t ) u~+~ - ~ - p ( x , y , t )  + gy , 

c~= lira ( I } v~-~  -~ p ( x , g , t )  + gy . 

The quantities c 1 and c 2 depend only on time, and one of them is a rb i t ra ry .  On the other hand, it can be 
shown that as one gets more  distant f rom the interface the per turbed potential w damps out exponentially, 
and the integrals  

[ wdz, n = t , 2 ,  
Mr~ 

where M n is the contour ABPnQnA (see Fig. 1), exist and are  equal to zero .  Hence, we see that 

W ~ d z = ( - -  t )~v~,[ ; (O)  + ~(/)]/2, n = 1 , 2 .  
AB 

Here Wn=ffn +i~I' n is the limiting value of the potential W when L is approached f rom the domain D n. After 
substituting express ion  (2.7) fo r  r and the express ion  

Wn (s, t) = ~F n (0, t) - -  ~ vv (o', t) dff, n = t,2 
0 

into the las t  equation, we can determine �9 n at the point s =0 up to a constant as follows: 
! 

1 
V~l}ds, t,2. (5.1) 

Now for  the l imiting values of the p r e s s u r e  on the wave profile we have f rom (2.6) the express ion  

P~ v~ -- r2/4 tt vr z (5.2) 
p-'-~- = 2 g ~ l ~ - F ~ n ( s , t ) + c ~ + - - 5 - ,  n :  1,2, 

in which ~n is determined according to Eqs. (2.7) and 5.1). 

6. Let the functions F and ~ be known at the t ime t. We look for the values of these functions at 
t ime t +At according to the Taylor  se r ies  

r(a, t + A t ) =  r(a,  t )§ t)At§ t)(At)V2, (6.1) 

~(a, t + A t ) :~ (a ,  t)q-~t(a, t)At +~tt(a, t)( At)~/2 +~ttt (a, ti( At)S/6. (6.2) 

The problem of calculating the time derivatives of the functions F and ~ ult imately reduces to the 
problem of numerica l  integrat ion and differentiation. In o rder  to solve this problem we part i t ion the range 
of variat ion i - r ,  r] of the Lagrangian variable into N intervals  of equal length 27r/N, and hencefor th ,  we 
shalI operate only with the values of the functions at the N + I  part i t ion points.  For  the numerical  integra-  
tion the seven th -order  Newton-Cotes  integration formula  is used. If the integral  is singular, the singu- 
lar i ty  is isolated. Numerical  differentiation with respect  to the variable a is per formed by a s ix th-order  
d i f ference-f ree  method, based on approximating the function by a s ixth-degree Legendre polynomial. The 
integral  equation (3.2) reduces  to a sys tem of N linear,  algebraic equations for  the values of the function 
F t at the par t i t ion points.  This sys tem is solved by using the Gauss - - Jo rdan  method to invert the matr ix.  

It is known that the surface of the contact discontinuity in a fluid is unstable in the sense that the 
initial per turbat ions  grow fas ter ,  the sma l l e r  their  wavelength [13]. To suppress  this shor t -wavelength  
instability, it is neces sa ry  to introduce a smoothing procedure  into the calculational scheme [14-16]. 
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In the  p r e s e n t  a l g o r i t h m  the s m o o t h i n g  i s  done at  e ach  s t ep  of 
the  c a l c u l a t e d  va lue s  of F and ~. H e r e ,  a s  the  s m o o t h e d  va lue  of the  
func t ion  at  s o m e  po in t  we take  the va lue  at  t h i s  po in t  of the  f i f th -  
d e g r e e  p o l y n o m i a l  a p p r o x i m a t i n g  the func t ion  at  the g iven  poin t  and 
at  the  t en  n e i g h b o r i n g  po in t s  (five to  the  l e f t  and f ive to  the  r ight )  by 
the  l e a s t - s q u a r e s  m e t h o d .  

To c o n t r o l  the  a c c u r a c y  of the  c a l c u l a t i o n  we u sed  the i n v a r i -  
an t s  (3.6) in  the  fo l lowing  m a n n e r .  The c a l c u l a t i o n  i s  s topped  when 
at  l e a s t  one of  the fo l lowing  i n e q u a l i t i e s  is  v i o l a t e d :  

[I.~--4nv~[ < 0 . t ,  [I~[ d 0 . 1 ,  [I~[<0.t .  (6.3) 

A p r o g r a m  c a r r y i n g  out t h i s  a l g o r i t h m  was  w r i t t e n  in the  l a n -  
guage  A L ' G I B R  f o r  a BI~SM-6 c o m p u t e r .  F o r  N = 60 the  c a l c u l a t i o n  
of one s t ep  a c c o r d i n g  to  E q s .  (6.1) and (6.2) took  14 s e e  of m a c h i n e  
t i m e .  Igno r ing  the  d e r i v a t i v e s  Fi t  and ~ttt,  i t  took  9 s e e .  

7. We note f i r s t  tha t  in a l l  the  v a r i a t i o n s  c o n s i d e r e d  b e l o w  the 
unit  of l eng th  is  k /2x ,  a s  in  See.  3, so  tha t  the d i m e n s i o n l e s s  w a v e -  
l eng th  i s  2r .  

1. K e l v i n - H e l m h o l t z  I n s t a b i l i t y  ( Ins tab i l i ty  of the  L ine  of T a n -  
g e n t i a l  V e l o c i t y  D i scon t inu i ty  in  a Homogeneous  F lu id ) .  We t ake  

k/2~v~o a s  the uni t  of t ime  and Pl +P2 as  the  uni t  of d e n s i t y .  The  i n i t i a l  c ond i t i ons  a r e  of the f o r m  ~(a, 0) = 
a +i (0.1)r s in  a and F (0, a) = 2. The  c a l c u l a t i o n  r a n  f r o m  t = 0 to  t = 1 in  s t e p s  of At  = 0.02. In v iew of the  
s y m m e t r y  of the  f low with  r e s p e c t  to  the po in t  [(0, t ) ~  0 we can  r e s t r i c t  o u r s e l v e s  to  c o n s i d e r a t i o n  of a 
h a l f - w a v e .  I ts  evo lu t i on  du r ing  the  i nd i ca t ed  t ime  is  shown in F ig .  2, w h e r e  p o i n t s  wi th  the s a m e  L a g r a n -  
g i an  c o o r d i n a t e s  a r e  jo ined  by s t r a i g h t  l ine  s e g m e n t s .  In the  s a m e  f i g u r e  we g ive  the  d i s t r i b u t i o n  a long  
the wave p r o f i l e  of the  p r e s s u r e  p, c a l c u l a t e d  by  Eq. (5.2) wi th  c2(t) -= 0. On a s m a l l  p o r t i o n  of the p r o f i l e  
we o b s e r v e  a d rop  in  p r e s s u r e  and a l s o  an i n c r e a s e  in  the  m a x i m u m  and d e c r e a s e  in  the m i n i m u m  c u r v a -  
t u r e .  In a v e r s i o n  of the  c a l c u l a t i o n  in which  only the  func t ions  Ftt  and ~ttt  a r e  s m o o t h e d ,  t h i s  t endency  i s  
d i s p l a y e d  m o r e  s t r o n g l y .  The i n d i c a t e d  b e h a v i o r  of the  p r o f i l e  c u r v a t u r e  l e a d s  to a v i o l a t i o n  of cond i t ions  
(6.3) when  the  c a l c u l a t i o n  i s  con t inued .  

The p r o f i l e  c u r v a t u r e  and p r e s s u r e  at  the  po in t  of the  p r o f i l e  b e h a v e  s i m i l a r l y  when the c a l c u l a t i o n  
i s  done wi th  the  i n i t i a l  cond i t i ons  ~(a, 0 ) = a  +i(0.1)lr  s i n a  and F (a, 0 ) = s i n  a ,  m o d e l i n g  a v o r t e x  t r a c e  b e -  
hind an o s c i l l a t i n g  p r o f i l e  [17]. 

2. R a y l e i g h - T a y l o r  I n s t a b i l i t y  ( I n s t a b i l i t y  in  the  F i e l d  of G r a v i t y  of the  I n t e r f a c e  b e t w e e n  Two F l u i d s  
of Di f fe ren t  D e n s i t i e s ,  when the  U p p e r  F l u i d  i s  H e a v i e r  than  the  L o w e r  One).  The unit  of t i m e  i s  Ch/2rg) 1/~z 
and the p a r a m e t e r s  a r e  R = - 0 . 1  and ~/(Pl+P~) g-1 {~./(2~)} -~ --~0.0i. The i n i t i a l  cond i t i ons  a r e  of the  f o r m  

(a, O) =a + i (0 .1)~sin a and F (a, 0) = 0. The  c a l c u l a t i o n  r a n  f r o m  t = 0 to t = 7 in s t e p s  of At  = 0.2.  The shape  
of the  i n t e r f a c e  at v a r i o u s  t i m e s  i s  g iven  in  F ig .  3 (in view of the  s y m m e t r y  of the  f low with  r e s p e c t  to the  
l ine  x = - x / 2  and x = r / 2  we r e s t r i c t  o u r s e l v e s  to c o n s i d e r a t i o n  of a h a l f - w a v e ) .  S i m u l t a n e o u s l y  wi th  an 
i n c r e a s e  in the  a m p l i t u d e  of the  wave  we o b s e r v e  a g rowth  in  t he  c u r v a t u r e  of the  con tou r ,  which  t e n d s  
t o w a r d  the f o r m a t i o n  of a d i s c o n t i n u i t y .  The l a s t  c i r c u m s t a n c e  l e a d s  to a v i o l a t i o n  of cond i t i ons  (6.3) 
when the  c a l c u l a t i o n  is  con t inued .  

Be fo re  going on to c o n s i d e r a t i o n  of the v a r i a t i o n s  3-8,  we note  tha t  the  i n i t i a l  c ond i t i ons  in  t h e s e  
v a r i a t i o n s  w e r e  t a k e n  f r o m  the l i n e a r  t h e o r y  [18]. 
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3. S tanding  G r a v i t y  W a v e s  on a W a t e r - A i r  I n t e r f a c e  (R = 0.9975). 
The  uni~t of t i m e  is  (h/2~g) ~/z. The  i n i t i a l  cond i t i ons  a r e  of t h e  f-~'mrm 
[(a,  O) =a + i (0 .2)~sin  a and F (a, 0) = 0. The  c a l c u l a t i o n  r a n  f r o m  t = 0 
to  t = 7 in  s t e p s  of At  =0 .1 .  In d i s t i n c t i o n  to  the p r e v i o u s  v e r s i o n s  t h e  
c o m p u t a t i o n  was  s topped  only b e c a u s e  the  g i v e n  n u m b e r  of s t e p s  was  
e x h a u s t e d .  The e v o l u t i o n  of the  wave ,  shown in Fig .  4, is  c h a r a c t e r i z e d  
by  the  fo l lowing  f e a t u r e s  (as in v a r i a t i o n  2, we r e s t r i c t  o u r s e l v e s  to 
c o n s i d e r a t i o n  of a h a l f - w a v e ) .  In  the c o m p u t a t i o n  t i m e  the wave  did not 
s t r a i g h t e n  out; f ixed  nodal  l i n e s  a r e  l a c k i n g ;  the  m a x i m u m  o r d i n a t e  of 
the  wave  c r e s t  i s  g r e a t e r  than  the  m i n i m u m  o r d i n a t e  of the  va l l ey  in 
a b s o l u t e  va lue ;  the  m a x i m u m  e x t e n s i o n  of the wave  p r o f i l e  does  not  o c -  
c u r  s i m u l t a n e o u s l y  wi th  the  m a x i m u m  d e v i a t i o n  of the  p r o f i l e  f r o m  the 
u n p e r t u r b e d  l e v e l  (y= 0). T h e s e  f e a t u r e s  of the s t and ing  wave  a g r e e  
wi th  the  c o n c l u s i o n s  of S e k e r z h - Z e n ' k o v i c h  [19]. 

It should  be m e n t i o n e d  tha t  the  c o m p u t a t i o n  of the  evo lu t i on  of the 
wave  i g n o r i n g  the func t ions  Fi t  and ~ttt  in  Eqs .  (6.1) and (6.2) but  with 
the  s a m e  s t e p  s i z e  t u r n e d  o u t t o  be  u n s t a b l e .  

4. P r o g r e s s i v e  G r a v i t y  Wave  on an  A i r - W a t e r  I n t e r f a c e  OR= 
0.9975) wi th  No Wind (v~ =0) .  The  uni t  of t i m e  is  (h/2rg)~/2. The~-~ t i a l  

c o n d i t i o n s  a r e  of the  f o r m  ~ (a, 0) =a  + i (0 .2)vs in  a and Y (a, O) = (0 .4 ) r s in  a .  The c a l c u l a t i o n  r a n  unt i l  the  
g i v e n  n u m b e r  of s t e p s  was  e x h a u s t e d  f r o m  t = 0 to t = 3 in  s t e p s  of At  = 0.025, i g n o r i n g  the  d e r i v a t i v e s  Fit  
and [ t t t -  The  shape  of the wave  at  d i f f e r e n t  t i m e s  is  g i v e n  in  F ig .  5 in  the  c o o r d i n a t e  s y s t e m  moving  in 
the  p o s i t i v e  x d i r e c t i o n  wi th  the  v e l o c i t y  of an  i n f i n i t e s i m a l l y  s m a l l - a m p l i t u d e  wave .  In th i s  c a s e  the  c a l -  
cu l a t ed  p o i n t s  " s l i p "  a long the  wave  s u r f a c e ,  so  to  speak ,  in  the  oppos i t e  d i r e c t i o n .  To i l l u s t r a t e  th is  c i r -  
c u m s t a n c e ,  p o i n t s  wi th  the  c o o r d i n a t e  a = 0 a r e  connec t ed  in the  f i g u r e  by  d a s h e d  l ine  s e g m e n t s .  A r e m a r k -  
ab le  f e a t u r e  of the  wave  is  the  f o r m a t i o n  of a c r e s t  hanging  above  the v a l l e y .  

The  c o m m u t a t i o n  of  the  wave  wi th  a l l o w a n c e  f o r  F i t  and  ~ t i t  and with  the  s a m e  s t e p  s i z e  r a n  s t a b l y  up 
to  t = 2.25. 

5 .  S tanding  C a p i l l a r y  Wave  on an  A i r - W a t e r  I n t e r f a c e  OR=0.9975). The unit  of t i m e  is  (~/2~)3/2 
(p/~o 1 +p2)) -1 /z .  The  i n i t i a l  c o n d i t i o n s  a r e  of the  f o r m  [ (a ,  0 ) = a  + i ( 0 . 3 ) r s i n  a and F ( a , 0 ) =  0. The  c o m p u t a -  
t ion  r a n  un t i l  the  g iven  n u m b e r  of s t e p s  was  e x h a u s t e d  f r o m  t = 0 to  t =4 in s t e p s  of At  = 0.05, i g n o r i n g  the  
d e r i v a t i v e s  Ft t  and ~tt t .  The  e v o l u t i o n  of the  wave  (Fig.  6) i s  c h a r a c t e r i z e d  by the  fo l lowing  f e a t u r e s  (as 
in v a r i a t i o n  2 we r e s t r i c t  o u r s e l v e s  to  a h a l f - w a v e ) .  In the  c o m p u t a t i o n  t i m e  the  wave  n e v e r  s t r a i g h t e n s  
out; f ixed  nodal  l i n e s  a r e  l a ck ing ;  and the m i n i m u m  o r d i n a t e  of the  wave  v a l l e y  is  g r e a t e r  than  the  m a x i -  
m u m  o r d i n a t e  of the  c r e s t  in a b s o l u t e  va lue .  At  the m a x i m u m  e x t e n s i o n  of the  wave  p r o f i l e  t h e r e  a r i s e  
on i t  s m a l l e r  w a v e s .  F o r  e x a m p l e ,  at  t i m e  t =4  t h e r e  a r e  10 i n f l e c t i o n  po in t s  on the  wave  p r o f i l e .  

The c o m p u t a t i o n  of the  wave  wi th  a l l o w a n c e  f o r  the func t ions  Fi t  and ~ttt and with  the s a m e  s tep  s i ze  
t u r n e d  out to be u n s t a b l e .  

6. P r o g r e s s i v e  C a p i l l a r y  Wave  on an  A i r - W a t e r  I n t e r f a c e  OR=0.9975) wi th  No Wind (Voo =0) .  The 
unit  of t i m e  i s  (A/2~)3/2(p/(p 1 +p2)) -1/2.  The  in i t i a l  cond i t i ons  a r e  of the f o r m  ~(a, 0 ) = a  + i (0 .2)~s in  a and 
F(a,  0) = (0.4)~s~m a .  The  c o m p u t a t i o n  r a n  unt i l  the  g i v e n  n u m b e r  of s t e p s  was  e x h a u s t e d  f r o m  t =0 to  t = 
3.75 in  s t e p s  of At  =0.025,  i g n o r i n g  the  d e r i v a t i v e s  Ftt  and [ t t t -  The shape  of the  w a v e s  f o r  a s equence  of 
t i m e s  is  g i v e n  in  F ig .  7 in  the  c o o r d i n a t e  s y s t e m  mov ing  in the  p o s i t i v e  x d i r e c t i o n  with  the v e l o c i t y  of an 
i n f i n i t e s i m a l l y  s m a l l - a m p l i t u d e  w a v e .  The  d a s h e d  l ine  s e g m e n t s  jo in  po in t s  wi th  the  c o o r d i n a t e  a = 0. The 
c a l c u l a t e d  po in t s ,  a s  in  c a s e  4, s l i p  a long  the  wave  s u r f a c e .  A c h a r a c t e r i s t i c  f e a t u r e  of the evo lu t ion  of 
the  wave  i s  the fac t  t ha t  the wave  c r e s t  t r i e s  to b e c o m e  g e n t l e r  and the v a l l e y  - s t e e p e r .  

The c o m p u t a t i o n  of the wave  wi th  a l l o w a n c e  f o r  Ftt  and [ t t t  and with  the  s a m e  s tep  s i ze  was  u n s t a b l e .  

7. W i n d - D r i v e n  G r a v i t y  Wave on an  A i r - W a t e r  I n t e r f a c e  OR =0.9975) wi th  F r o u d e  N u m b e r  g k / 2 ~ v  2 =  
0.005. The  unit  of t i m e  i s  X / 2 r v ~ .  The  i n i t i a l  cond i t i ons  a--~e of the  f o r m  ~(a, 0 ) = a  + i (0 .2)~s in  a and F(a,  0) 
2 + (1 .253)s in  a .  The  c o m p u t a t i o n  r a n  f r o m  t =0 to t = 2.5 in  s t e p s  of At  = 0.05. An i n t e r e s t i n g  f e a t u r e  of 
the  a l g o r i t h m  in t h i s  c a s e  i s  the  c o n c e n t r a t i o n  of the  c a l c u l a t e d  p o i n t s  n e a r  the foot  of the wave  and the  
c o r r e s p o n d i n g  r a r e f a c t i o n  in  the  n e i g h b o r h o o d  of the  c r e s t ,  whi le  the  shape  of the  wave  i s  a l m o s t  unchanged .  
T h i s  c i r c u m s t a n c e  l e a d s  to  v i o l a t i o n  of  c o n d i t i o n s  (6.3) when  the  c o m p u t a t i o n  i s  con t inued .  

81 



8. Wind-Driven Capil lary Wave on an A i r - W a t e r  Interface (R = 0.9975) with the Dimensionless Pa-  
r ame te r  (P/(Pl +P2)){~,/2~)-1v~ - z=l .  The unit of time is ~,/2rvoo. The ifiitial conditions are  of the fo rm 

(a, O) =a + i(0.2)~sin a and r(a, 0) = 2. The computation ran f rom t = 0 to t = 1.5 in steps of At = 0.025 ignor-  
ing the functions r t t  and ~ttt" Analogous to the previous case there  is a tendency for  the calculated points 
to crowd together  in the neighborhood of the leeward node of the wave and to become raref ied in the neigh- 
borhood of the windward node. This tendency leads to violation of conditions (6.3) when the computation is 
continued: Thus, for  the numerical  investigation of wind-driven waves changes in the algori thm are r e -  
quired. 

In conclusion, the author would like to express  his deep gratitude to D. N. Gorelov and A. V. Kazhi-  
khov for valuable r emarks .  
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